Possibility of a dynamical Higgs mechanism and of the respective phase
  transition induced by a boundary by Sissakian, A. N. et al.
ar
X
iv
:h
ep
-th
/0
40
60
48
v1
  4
 Ju
n 
20
04
Possibility of a dynamical Higgs mechanism and of the respective phase transition
induced by a boundary
A.N. Sissakian, O.Yu. Shevchenko, and V.N. Samoilov
Joint Institute for Nuclear Research, Dubna, Moscow region 141980, Russia
The dynamical quantum effects arising due to the boundary presence with two types of boundary
conditions (BC) satisfied by scalar fields are studied. It is shown that while the Neumann BC lead
to the usual scalar field mass generation, the Dirichlet BC give rise to the dynamical mechanism
of spontaneous symmetry breaking. Due to the later, there arises the possibility of the respective
phase transition from the normal phase to the spontaneously broken one. In particular, at the
critical value of the combined evolution parameter the usual massless scalar QED transforms to the
Higgs model.
PACS numbers: 11.10.Wx, 11.30.Qc
The investigation of the quantum field theory (QFT)
systems with respect to their response to the different ex-
ternal influences, like the different external fields, nonzero
temperature and density of the medium, etc., allows one
to discover some new properties of these systems. For ex-
ample, it is of interest to study the phase transitions in
the QFT systems with the spontaneous symmetry break-
ing (like the Higgs model [1]) at nonzero temperature
[2, 3]. It is of importance that the temperature (just as
well as the finite medium density) always restores the
initially broken symmetry and the phase transition from
the broken to the normal (unbroken) phase occurs with
the temperature increase [2, 3].
On the other hand, it is possible to arrive at the very
interesting class of external influences if one considers
the QFT system quantized not in the infinite space, as
usual, but in the space restricted by some boundary sur-
faces with the respective BC satisfied by the fields. Such
situations arise in physics very often. These are, for ex-
ample: potential barriers for scalar mesons modeled by
the Dirichlet and (or) Neumann BC in nuclear physics;
the Casimir BC satisfied by the electromagnetic field on
metal surfaces in QED, the impenetrable for the quarks
and gluons nucleon surface modeled by the bag BC in
QCD. It is well known that the Casimir effect occurs in
all these cases (see [4] for the excellent review). However,
the Casimir effect is the effect of zero order in the cou-
pling constant and deals with the free fields [5]. So, it is
of interest to consider the possibilities of some purely dy-
namical, caused by interaction, phenomena in the bound-
ary presence. In particular, we will be especially inter-
ested in the possibility of the dynamical (and depending
on the characteristic region size) particle mass generation
in the initially massless theories. Namely such situation
occurs in QFT at finite temperature, for example in the
scalar field theory [3], where the initially massless par-
ticle becomes massive due to the temperature inclusion
while the nontrivial, depending on the temperature, part
of dynamical mass disappears in the zero temperature
limit.
Let us consider the massless scalar field theory with
Lint = λϕ
4/4! quantized in the flat gap pictured on Fig.
1. We will consider two possible types of BC satisfied by
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FIG. 1: The flat gap with the shadowed central δ-region.
the field ϕ on the plates. These are Dirichlet BC:
ϕD|x3=±L/2 = 0, (1)
and Neumann BC:
∂ϕN/∂x3|x3=±L/2 = 0. (2)
To study the dynamical effects arising in the translation-
ally non-invariant case we deal with, it is convenient to
start with the written in coordinate representation un-
renormalized Schwinger-Dyson equation for the full prop-
agator G(x, y) ≡ T 〈φ(x)φ(y)〉
−∂2xG(x, y) =
λ
3!
T 〈ϕ3(x)ϕ(y)〉 + iδ(x− y),
which in the leading order in λ, by virtue of the Wick
theorem, is rewritten as
− ∂2xGD,N =
λ
2
DD,N (x, x)GD,N (x, y) + iδ(x− y), (3)
where DD,N (x, y) are the propagators satisfying the free
equation −∂2xDD,N(x, y) = iδ(x − y), and the Dirichlet
DD|x3=±L/2 = 0, or Neumann ∂DN/∂x3|x3=±L/2 = 0
BC, respectively. These propagators are found by the
method of mirror images and in the nontrivial region in-
side the gap we are interested in, the result reads [7]
2DD,N (x, y) = −(4π
2)−1
∑
n
(∓1)n[(xˆ− yˆ)2 − (x3 − (−1)
ny3 − nL)
2]−1 (4)
= −(4π2)−1
∑
n
(
[(xˆ− yˆ)
2
− (x3 − y3 − 2nL)
2
]−1 ∓ [(xˆ− yˆ)
2
− (x3 + y3 − (2n− 1)L)
2
]−1
)
, (5)
where xˆ2 ≡ x20 − x
2
1 − x
2
2. Introducing the quantity
µ2D,N (~x) =
λ
2
lim
x→y
D˜(x, y) +O(λ2), (6)
where
D˜(x, y) ≡ D(x, y)−D0(x− y), (7)
and D0(x) ≡ −(4π
2)−1[x20 − ~x
2]−1, one gets from (3) the
equation
(
−∂2x − µ
2
D,N (x3)
)
GD,N (x, y) = iδ(x− y), (8)
where now all quantities are renormalized [8] in the lead-
ing order [9].
From (8) one can see that x−dependent quantity µ can
be considered an external “mass field” which acquires the
sense of mass in its traditional (so that E =
√
~p2 + µ2)
understanding only when weakly (adiabatically) depends
on the coordinate. So, we will call this quantity “mass
gap” by the analogy with the condense matter physics
[10].
We first consider the zero temperature case. Using Eqs.
(5-7), the formulas
∑∞
1 n
−2 = ζ(2) = π2/6 and,
∑∞
−∞
(n+ a)−2 = −π d cot(πa)/da = π2/sin2(πa),
one easily gets
µ2D,N =
λ
32L2
[
1
3
∓ csc2
(
π
L
(
x3 +
L
2
))]
. (9)
Let us analyze Eq. (9). First of all, one can see that
there are two contributions to µ2 – translationally invari-
ant and x3−dependent, respectively. The translationally
invariant contribution λ/96L2 is the same for Dirichlet
and Neumann BC and comes from the translationally in-
variant part of the propagators DD,N – first term in (5).
Notice that this contribution also can be obtained from
the well known result of QFT at finite temperature [3]
m2T = λT
2/24 (10)
with the substitution T → 1/2L if one, similarly to the
case of periodic BC [11], uses the analogy [12] of the
eigen-frequency spectrum wn = πn/L for the Dirichlet
and Neumann BC with the finite temperature spectrum
wn = 2πnT . However, let us stress that in this way one
reproduces only a part [13] of the full µ2 value loosing the
x−dependent contributions. Moreover, it is seen from (9)
that namely these contributions always dominate, i.e.,
are the biggest at any x3 values. The later leads to the
crucial difference between Dirichlet and Neumann BC,
and this is of great importance for what follows: while
in the case of Neumann BC mass gap square is always
positive µ2N > 0, in the case of Dirichlet BC the mass gap
square is always negative: µ2D < 0, and we will discuss
this possibility later.
Looking at Eq. (9) one can notice that the expres-
sions for µ2D,N are divergent on the gap boundaries±L/2.
These divergences are not surprising since the propaga-
tor (4) besides of the usual, subtracted by (7), ultravio-
let singularity (x − y)−2|x→y contains also divergent as
x→ y on the boundaries contributions corresponding to
n = ±1 in the sum. Such so called “surface divergences”
are well known [4] from the calculation of the Casimir
energy density with the boundary conditions like (1) and
(2). It is known that these singularities arise because
the boundary conditions like (1) and (2) are too ideal-
ized approximations to the real ones, and, to avoid the
surface divergences one should deal with more realistic
smooth boundary conditions. However, the transition
from idealized sharp boundary conditions of the total im-
penetrability to the realistic smooth ones cause an enor-
mous complication of all calculations. Fortunately, there
is a possibility to get reliable results even with the sharp
boundary conditions like (1) and (2). Indeed, the expe-
rience of the Casimir energy density calculations shows
that the application of the smooth boundary conditions
instead of the sharp ones does not influence the result in
the region maximally distanced from the boundaries. So,
we will ascribe to result (9) a physical sense only in such
a region – in a strip with a small (δ/L << 1) width δ,
surrounding the central plane x3 = 0 (see Fig. 1).
On the other hand, this central region has a remarkable
property: since ∂µ2D,N/∂x3
∣∣
x3=0
= 0, the mass gap there
is almost independent from x3 (µD,N (δ) ≃ µD,N(0)) and
can be considered a scalar field mass (but not yet as a
real mass of scalar meson).
So, in the central δ−region one gets instead of (9) the
following expressions [14] for the scalar field masses:
µ2N = λ/24L
2, µ2D = −λ/48L
2. (11)
Thus, the Neumann and Dirichlet BC differ drastically.
While the Neumann BC leads to the usual dynamical
mass generation of scalar meson: mN = µN = λ/24L
2,
the Dirichlet BC leads to the imaginary mass of the
scalar field. This, as it is well known, is the signal
that the spontaneous violation of the ground state sym-
metry 〈ϕ〉 → 〈ϕ〉 ought to happen, so that after the
later, the scalar meson acquires the real dynamical mass:
3m2D = 2|µ
2
D| = λ/24L
2. It is of interest that the real
meson masses mD and mN happen to be equal to each
other.
Let us show that the result µ2D < 0 is valid also in
the case where all three space dimensions are compact-
ified with the Dirichlet BC satisfied by the scalar field.
Consider the parallelepiped with the edges L1, L2, L3 cen-
tered around the coordinate origin. The respective scalar
field propagator submitted to the Dirichlet BC on the
plates: D(x, y) = 0 on xi = ±Li/2, has a form [15]
D(x, y) =
∑
N
(−1)(n1+n2+n3)D0(x− y
(N)), (12)
where N = (n1, n2, n3), y
(N)
i = (−1)
niyi + niLi and D0
is the free propagator in the infinite space. Thus, for the
cube (L1 = L2 = L3 ≡ L) in the small δ - region of the
coordinate origin, Eqs. (6), (7) give
µ2D
∣∣∣
cube
=
λ
4π2L2
∑′ (−1)n1+n2+n3
n21 + n
2
2 + n
2
3
, (13)
where symbol prime denotes that indexes n1, n2, n3 in the
sum do not equal to zero simultaneously. Fortunately, the
sum entering to (13) is a known from the crystal physics
Madelung constant and can be found in the Table 4 of
Ref. [16]:
∑′(−1)n1+n2+n3(n21+n22+n23)−1 = d(2s)s=1 =
−2.51935. Thus, one again gets the negative result for
µ2D:
µ2D
∣∣
cube
= −0.06382λ/L2. (14)
Returning now the flat gap geometry, let us consider
massless scalar electrodynamics with the Lagrangian den-
sity
−
1
4
F 2µν+
1
2
∂µϕa∂µϕa−
λ
4!
ϕ4−eǫab∂
µϕaϕbAµ+
1
2
e2ϕ2A2,
where ϕ2 ≡ ϕaϕa, ϕ
4 ≡ (ϕ2)
2
, a = 1, 2, and with Dirich-
let BC ϕa|x3=±L/2 = 0 satisfied by the scalar field on
the gap boundaries. Here we will be interested in the dy-
namical effects caused by the minimal modification of the
standard (infinite space) QFT. Thus, within the present
paper, we do not impose[17] any BC on the electromag-
netic field, so that one again has the only tadpole dia-
gram for the both fields ϕ1 and ϕ2, contributing to the
L−dependent scalar field mass gap in the one-loop ap-
proximation. Operating just as before, one gets in the
central region (see Fig. 1)
µ2D = −λ/36L
2. (15)
Thus, instead of the scalar QED, one arrives at the Higgs
model with the “wrong” sign at the mass term, and
this occurs only due to the dynamical corrections in the
boundary presence.
So, after the realization of the standard Higgs mecha-
nism, one leaves with the only massive scalar meson with
a mass m2ϕ = 2|µ
2
D| = λ/18L
2 interacting with the mas-
sive vector field with a mass m2A = e
2|µ2D|/λ = e
2/36L2.
Let us now include the temperature T ≡ 1/β in con-
sideration and consider first λϕ4/4! theory. Following
the well known imaginary time Matsubara approach,
one easily gets instead of (4), (6) the equation µ2D,N =
(λ/2)D˜(x, x) +O(λ2) with
D˜D,N (x, y) = (4π
2)−2
∑′
n,m
(∓1)n[(x4 − y4 +mβ)
2
+ (x˜− y˜)
2
+ (x3 − (−1)
ny3 + nL)
2
]−1, (16)
where x˜ ≡ (x1, x2) and the symbol prime denotes that
indexes n and m in the sum do not equal to zero simul-
taneously. Then, in the case of Dirichlet BC, near the
central plane x3 = 0, one gets
µ2D(L, β) = (λ/8π
2)
∑′
n,m
(−1)n[β2m2 + L2n2]−1. (17)
Using
∑
n
′
(−1)nn−2 = −π2/6 and
∑
n
′
n−2 = 2ζ(2) =
π2/3 one can easily get the asymptotes µ2D(L,∞) and
µ2D(∞, β) corresponding to the zero temperature and in-
finite space cases, respectively. In the first case one ar-
rives at the result (11) for µ2D, and, in the second case
one obtains the result (10): m2T = µ
2
D(∞, β) = λT
2/24.
Let us now introduce two new evolution variables
χ1 ≡ β
2/L2, χ2 ≡ χ
−1
1 = L
2T 2. (18)
Calculating the sums
∑′
n,m(−1)
n[χ1m
2 + n2]−1 and∑′
n,m(−1)
n[m2+χ2n
2]−1 one obtains the respective evo-
lution pictures presented by Fig. 2 (top and bottom
pictures, respectively). One can see the critical point
χcr1 = 0.5698 at which µ
2
D changes the sign, i.e., there oc-
curs the phase transition from the normal to the sponta-
neously broken phase. It is of importance that the phase
transition can occur either because of changing the tem-
perature at fixed L (bottom picture) or because of the
gap size L changing at fixed temperature (top picture).
The asymptotes of µ2D as χ1 → 0 (L → ∞ while β is
fixed) and as χ2 → 0 (β → ∞ while L is fixed) are
presented by the left edges of the top and bottom pic-
tures, respectively, and are in agreement with Eqs. (10),
(11). The results for the symmetric point β = L, i.e.
χ1 = χ2 = 1, are in agreement with the exactly calcu-
42/L2β=1χ
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FIG. 2: (8pi2/λ)µ2D versus χ1 (top) and (8pi
2/λ)µ2D versus
χ2 ≡ χ
−1
1
(bottom). The natural system h¯ = c = k = 1 is
used. For each curve on the top picture β is fixed while L
evolves and, otherwise, for the bottom picture.
lated [18] sum
∑′
n,m(−1)
n[n2 +m2]−1 = (−1/2)π ln 2.
Let us also stress the essential advantage of the just
considered dynamical mechanism of the spontaneous
symmetry breaking (restoration). In our case, there are
no problems with the perturbative calculation of the criti-
cal point as it occurs at investigation of the spontaneously
broken symmetry restoration at critical temperature [3],
since we do not introduce into the Lagrangian the imag-
inary mass term by hand from the very beginning, that
leads [19] to the complex value for the critical point.
It is obvious that in the case of the massless scalar
electrodynamics with the Dirichlet BC on the gap plates,
the evolution pictures are analogous to the presented by
Fig. 2 ones with the same critical point. The only dif-
ference is in the asymptotes. Namely, µ2D → λT
2/18
as χ1 → 0 (L → ∞ while T is fixed) and µ
2
D tends to
the zero temperature result (15) as χ2 → 0 (β → ∞
while L is fixed). So, because of the gap size decreas-
ing at fixed temperature at χcr1 = 0.5698, there occurs
the phase transition: the massless scalar electrodynam-
ics with the Dirichlet BC satisfied by the scalar fields
on the gap boundaries transforms to the Higgs model
with the spontaneous symmetry violation. As a result,
at χ1 > χ
cr
1 , after the realization of the standard Higgs
mechanism, one leaves with the only massive scalar me-
son interacting with the massive vector boson.
Thus one can say that the boundary with the respec-
tive BC (Dirichlet here) and the temperature compete
with each other: while the temperature always aspires
to restore the broken symmetry, the boundary tends to
violate it. This competition gives rise to the new type
of phase transition: the decreasing in the characteristic
size of the quantization region (the gap size here) and
the increasing in the temperature tend to transport the
system into the spontaneously broken or into the normal
phase. The system evolves with a combined parameter
reflecting the change in the temperature and in the size
simultaneously. As a result, at the critical value of this
parameter there occurs the phase transition from the nor-
mal to the spontaneously broken phase. In particular,
the usual massless scalar electrodynamics transforms to
the Higgs model. The later, as it is well known, is the
key model supporting the foundations of main directions
in the modern physics based on the spontaneous sym-
metry breaking and the Higgs mechanism. In particular,
these are superconductivity theory [20] which is just the
nonrelativistic variant of the Abelian Higgs model (see,
for example, [21] and references therein) in the condense
matter physics, and the Weinberg-Salam theory of the
electroweak interactions in the high energy physics. So,
one can hope that the presented here dynamical phenom-
ena caused by the boundary influence can lead to some
new physical predictions in these important branches of
the modern physics.
In conclusion, let us stress that the present paper is,
certainly, only one of the first steps in the investigation
of the boundary induced dynamical phenomena. To be
sure that the discussed in the paper just a possibility
of the dynamical Higgs mechanism and of the respective
phase transition is indeed realizable in reality, one should
answer the still open questions. These are the such prob-
lems as the calculation of the mass term with the softened
BC and the subsequent investigation of the mass term be-
havior away from the central domain, where one ought
to study a nontrivial momentum dependence of the mass
term and to perform the higher order analysis of the ver-
tex functions; investigation of the respective dynamical
phenomena within the strong coupling limit (lattice cal-
culations); research on the influence of the nontrivial BC
(like the Casimir ones) imposed on the gauge field, etc.
This is, certainly, only a sketch of the main problems
which require a detailed investigation in the future.
Acknowledgments
We are grateful to the specialists from the Scientific
Center for Applied Research at JINR G. Emelyanenko
and O. Ivanov for the help in performing of numerical
5calculations. We also grateful to N. Kochelev, E. Kuraev and S. Nedelko for fruitful discussions.
[1] P. Higgs, Phys. Lett. 12, 132 (1964); Phys. Lett. 13, 508
(1964).
[2] D. Kirzhnits, A. Linde, Phys. Lett. 42B, 471 (1972);
A. Linde, Rep. Prog. Phys. 42, 389 (1979).
[3] L. Dolan, R. Jackiw, Phys. Rev. D9, 3320 (1974).
[4] G. Plunien, B. Muller, W. Greiner, Phys. Rep. 134, 87
(1986).
[5] The corrections to the Casimir force and energy due to
the interaction were considered in [6].
[6] M. Bordag, D. Robaschik, E. Wieczorek, Ann. Phys. 165,
192 (1985).
[7] W. Lukosz, Z. Phys. 258, 99 (1973).
[8] The subtraction recipe (7) means that only nontrivial
L−dependent part of µ2 survives after renormalization,
just as in the case of unrestricted space at finite tem-
perature, where only T−dependent part of the dynami-
cal mass survives after renormalization [3]. It is obvious
that another subtraction schemes can produce in addi-
tion only some trivial L−independent constants which
always can be absorbed into the infinite mass renormal-
ization constant.
[9] Notice also that in both finite quantization region (com-
pactified space dimensions) and finite temperature (com-
pactified temporal dimension) cases the renormalization
procedure should be standard (the same as in the infinite
space and/or at zero temperature). Being clear qualita-
tively, it was also shown for a nonzero temperature [3] by
the explicit calculations beyond the one-loop approxima-
tion.
[10] Indeed, the same situation occurs, in particular, in the
second kind superconductors with the chaotic distributed
additions in the condense matter physics. There the ener-
getic gap ∆ generally depends on coordinates. However,
in the translationally invariant limiting case of homoge-
neous superconductor, ∆ determines the dispersion law
of the elementary excitation and acquires the sense of the
quasi-particle mass.
[11] D. Toms, Phys. Rev. D21, 928 (1980).
[12] N. Kochelev, Phys. Lett. 82A, 221 (1981).
[13] On the contrary to the periodic BC over x3 which does
not violate translational invariance. The respective prop-
agator is just the first term in (5) (with the replacement
2L→ L), and, being rewritten to Euclidean space, it co-
incides with the finite temperature propagator with the
replacement T → 1/L. As a consequence, the trick [12]
with the substitution T → 1/L in (10) just gives the
correct µ2 value for the periodic BC.
[14] Certainly, one can reproduce the results (11) at once,
putting x3 = 0 in Eqs. (4) and (6) and using that∑
n6=0
n−2 = pi2/3 and
∑
n6=0
(−1)nn−2 = −pi2/6.
[15] W. Lukosz, Z. Phys. 262, 327 (1973).
[16] I.J. Zucker, J. Phys. A8, 1734 (1975).
[17] Though, it is certainly of importance to investigate also in
the future an influence of the nontrivial BC (like Casimir
ones) imposed on the gauge field.
[18] A. Chaba, R. Pathria, J. Phys. A9, 1801 (1976).
[19] Already in the one-loop approximation one arrives [3]
at complex value for the critical temperature (see [3] p.
3324), so that the results become physically acceptable
only in the β → 0 limit.
[20] In the effective superconductivity theory the electron
pairs (Cooper pairs) are absent outside of the supercon-
ductor. To provide this ”confinement” it is natural to
impose the Dirichlet BC on the wave function describing
(see [21] and references therein) the Cooper pairs.
[21] L.H. Ryder, Quantum Field Theory (Cambridge Univer-
sity Press 1985), chapter 8, section 4.
